Abstract-For Multiple-Input Multiple-Output (MIMO) systems with frequency selective fading channels, Bit-Interleaved Coded Multiple Beamforming (BICMB) with Orthogonal Frequency Division Multiplexing (OFDM) can be employed to offer both spatial and multipath diversity, making it an important technique. Nevertheless, analyzing its diversity is a challenging problem. In this paper, the diversity analysis of BICMB-OFDM is carried out. First, the maximum achievable diversity is derived and a full diversity condition is proved. Then, the performance degradation due to the subcarrier correlation is investigated. Finally, the subcarrier grouping technique is applied to combat the performance degradation and provide multi-user compatibility.
I. INTRODUCTION
In a MIMO system, beamforming with Singular Value Decomposition (SVD) can be employed to improve the data rate or the performance, when the channel state information is available at both the transmitter and receiver [1] . For flat fading MIMO channels, single beamforming carrying only one symbol at a time achieves full diversity [2] . However, without channel coding, multiple beamforming transmitting multiple streams simultaneously results in full diversity loss. To combat the performance degradation, BICMB which interleaves the bit codeword through multiple subchannels, was proposed [3] , [4] . BICMB can achieve full diversity as long as the code rate R c and the number of employed subchannels S satisfy the condition R c S ≤ 1 [5] , [6] . If the MIMO channel is in frequency selective fading, BICMB can be combined with OFDM to combat the inter-symbol interference caused by multipath propagation and achieve both spatial and multipath diversity [3] . OFDM is well-suited for broadband data transmission and has been selected as the air interface for IEEE 802.11 WiFi, IEEE 802. 16 WiMAX, and 3GPP LTE [7] . Although some more modern standards employ more sophisticated codes than convolutional codes employed by BICMB, such as turbo codes and LDPC codes, convolutional codes are important since they can be analyzed and there are many legacy products using them. Therefore, BICMB-OFDM is an important technique for broadband wireless communication. However, the diversity analysis of BICMB-OFDM is a difficult challenge.
In this paper, diversity analysis of BICMB-OFDM is carried out. The remainder of this paper is organized as follows: In Section II, the system model is outlined. In Section III, the maximum achievable diversity is derived, and a sufficient and necessary full diversity condition R c SL ≤ 1 is proved where S is the number of steams transmitted at each subcarrier and L is the number of channel taps. Then, Section IV investigates the performance degradation caused by subcarrier correlation and Section V discusses the subcarrier grouping technique [8] to combat the performance degradation and provide multi-user compatibility. In Section VI, simulation results are provided. Finally, a conclusion is drawn in Section VII. Fig. 1 presents the structure of BICMB-OFDM. First, the convolutional encoder with rate R c generates the bit codeword c from the information bits. Then, an interleaved bit sequence is generated by a bit interleaver before being modulated to a symbol sequence. Let N r and N t denote the number of transmit and receive antennas respectively. Assume that M subcarriers are employed, and S ≤ min{N t , N r } streams are 978-1-4673-3122-7/13/$31.00 ©2013 IEEE IEEE ICC 2013 -Wireless Communications Symposium carried on each subcarrier simultaneously. Hence, an S × 1 vector x k (m) is carried on the mth subcarrier at the kth time instant with m = 1, . . . , M. The length of Cyclic Prefix (CP) is L cp ≥ L where L is the number of channel taps.
II. SYSTEM MODEL
The N r × N t frequency selective fading MIMO channel with L taps is assumed to be Rayleigh quasi-static and known by both the transmitter and receiver, denoted asH(l) with
denote the quasi-static flat fading MIMO channel observed at the mth subcarrier, where T is the sampling period and τ l is the lth tap delay [9] . The beamforming matrices at the mth subcarrier are derived by SVD of H(m), i.e., H(m) = U(m)Λ(m)V H (m), where U(m) and V(m) are unitary, and Λ(m) is diagonal whose sth diagonal element, λ s (m), is a singular value of H(m), which is positive and real, in decreasing order with s = 1, . . . , S. The first S columns of U(m) and V(m), i.e., U S (m) and V S (m), are selected as beamforming matrices at the receiver and transmitter, respectively.
The multiplications with beamforming matrices are carried out at each subcarrier before executing IFFT and adding CP at the transmitter, and after executing FFT and removing CP at the receiver, respectively. Therefore, the system input-output relation for the mth subcarrier at the kth time instant is
where y s,k (m) and x s,k (m) are the sth element of the S × 1 received symbol vector y k (m) and the transmitted symbol vector x k (m) respectively, and n s,k (m) is the additive white complex Gaussian noise with zero mean and variance N 0 = N t /γ, with γ denoting the received SNR over all the receive antennas. Note that the total transmitted power is scaled by N t in order to make the received SNR γ. The location of the coded bit c k within the transmitted symbol is denoted as k → (k, m, s, j), which means that c k is mapped onto the jth bit position on the label of x s,k (m). Let χ denote the signal set of the modulation scheme, and let χ j b denote a subset of χ whose labels have b ∈ {0, 1} at the jth bit position. By using the location information and the inputoutput relation in (2), the receiver calculates the Maximum Likelihood (ML) bit metrics for c k = b as
Finally, the ML decoder applies the soft-input Viterbi decoding to find a codewordĉ with the minimum sum weight and its corresponding information bit sequenceb aŝ
III. MAXIMUM ACHIEVABLE DIVERSITY According to (3), the Pairwise Error Probability (PEP) of BICMB-OFDM between the transmitted bit codeword c and the decoded bit codewordĉ is given in [3] as 
In this section, the maximum achievable diversity is derived for the simplest case of no subcarrier correlation. Note that subcarrier correlation has a negative effect on the performance, which will be discussed in Section IV.
Assume that different MIMO delay spread channels are uncorrelated and have equal power, and each element of each tap is statistically independent and modeled as a complex Gaussian random variable with zero mean and variance 1/L. Further assume that the channel taps are separated by a constant sampling time, i.e., τ l = (l − 1)T in (1). Then, the correlation in absolute value between two subcarriers is
Note that ρ = 0 when L = M , implying that all subcarriers are uncorrelated. Note that
T is a complex normal random vector, where h u,v (m) denotes the (u, v)th element in H(m). Therefore, based on (7), all subcarriers are independent when L = M . In the following part of this section, this special case is considered. Although it is not practical, its diversity analysis provides the maximum achievable diversity for the practical case, because correlation among subcarriers for the practical case has a negative effect on performance, which will be discussed in Section IV.
Since subcarriers are independent when L = M , the Λ(m) matrices are independent. Hence, (6) is further rewritten as
For each subcarrier, the terms inside the expectation in (8) can be upper bounded by employing a theorem proved in [10] . As a result, an upper bound of PEP is given by
, where α m,min is the minimum non-zero element in a m , δ m denotes the index of the first non-zero element in a m , and ζ m is a constant. Therefore, the diversity is
The results of (9) and (10) show that the maximum achievable diversity of BICMB-OFDM directly depends on the α-spectra because the PEP with the worst diversity dominates the performance. Note that the α-spectra are related to the bit interleaver and the trellis structure of the convolutional code, and can be derived by a similar approach to BICMB of flat fading MIMO channels presented in [5] , or by computer search. An example is provided here to show the relation between the α-spectra and the diversity. Consider the parameters
Assume that the R c = 1/2 code with generator polynomial (5, 7) in octal is employed, and the bit interleaver applies simple rotation. In this case, the dominant α-spectrum is A = [0 1; 2 2], which implies that δ 1 = 2 and δ 2 = 1. Hence,
Based on (9) and (10), full diversity of N r N t L [1] can be achieved if and only if all elements in the first column of A are non-zero, i.e., α m,1 = 0, ∀m, for all error events. To meet the requirement, the condition R c SL ≤ 1 needs to be satisfied, and the proof is provided in the following.
Proof: To prove the necessity, assume that an information bit sequence b with JR c SL bits is transmitted, then a bit sequence c m,s with J bits is transmitted at the sth subchannel of the mth subcarrier. If R c SL > 1, because the number of different codewords 2
JRcSL is larger than the number of different bit sequences c m,s , 2 J , there always exists at least a pair of codewords with the same c m,s . Hence, the pairs of codewords with the same c m,1 cause full diversity loss.
To prove the sufficiency, a bit interleaver with simple rotation is considered. If R c SL ≤ 1, all the SL subchannels could be assigned to one branch of the trellis for the convolutional code. Since the trellis can be designed such that the coded bits of the first branch splitting from the zero state are all errored bits, at least one errored bit can be carried on each subchannel for all error paths, which guarantees α m,1 = 0, ∀m for all error events. Therefore, full diversity can be achieved.
This concludes the proof. The proof of the necessity above implies that when R c SL > 1, there always exists an error path with no errored bits carried on the first subchannel of a subcarrier. Therefore, full diversity cannot be achieved. In this case, the bit interleaver should be designed such that consecutive coded bits are transmitted over different subchannels to provide the maximum achievable diversity, which depends on the α-spectra.
IV. NEGATIVE EFFECT OF SUBCARRIER CORRELATION
In practice, since M is always much larger than L, subcarrier correlation exists as shown in (7) . Hence, to calculate (6), the joint Probability Density Function (PDF) of Λ(m)Λ H (m)
for all m satisfying a m = 0, which are eigenvalues of a set of correlated Wishart matrices [11] , is required. However, this is an extremely difficult problem. The joint PDF of two correlated Wishart matrices are given in [12] , [13] , which is already highly complicated. To the best of our knowledge, the joint PDF of more than two correlated Wishart matrices is not available in the literature. The maximum diversity of an OFDM-MIMO system is known to be N r N t L [1] . In our case, however, a performance degradation caused by correlation is to be expected. Because, otherwise, the diversity can exceed the full diversity, which is a contradiction. In this section, the negative effect of correlation on the performance between two subcarriers is investigated to provide an intuitive insight.
Consider an error path whose d H distinct bits between two bit codewords are all transmitted through two correlated subcarriers with correlation ρ, which could be the practical case. Define X = max(N t , N r ) and Y = min (N t , N r ) . 
, where α min indicates the minimum element in a andã. To solve (11), the marginal PDF f (Φ p ,Φp) is needed by calculating
The joint PDF f (Φ,Φ) is available in [12] , [13] , as
φ u +φ u f 1 (Φ,Φ), (13) with the polynomial f 1 (Φ,Φ) defined as
where det[h u,v ] represents the determinant of the matrix with the (u, v)th element given by h u,v , I N (·) is a modified Bessel function of order u, and
Because the exponent of μ is related to the diversity, the constant appearing in the literature is ignored in (14) for brevity.
Since the eigenvalues are positive and real, exp( (12) is upper bounded as
where f 2 (Φ p ,Φp) is a polynomial corresponding to (13) .
Then (11) is rewritten as
Since f 2 (Φ p ,Φp) is a polynomial, its multivariate terms can be integrated separately, and the overall performance is dominated by the term with the worst performance. To solve (16), a theorem in [10] can be applied to integrate Φ p and Φp independently for each multivariate term, and the term with the smallest degree results in the smallest degree of (μ+ 
where ζ is a constant.
The negative effect of subcarrier correlation ρ is proved by (17). When γ → ∞, the diversity is the same as the uncorrelated case. However, on the practical range, the performance is degraded due to the term 1 1−ρ 2 , which is independent of SNR. Specifically, when ρ is small, 1 1−ρ 2 is also relatively small, and its effect on the performance is not significant when SNR is relatively large, and the uncorrelated case ρ = 0 offers the performance upper bound. On the other hand, when ρ is large, 1 1−ρ 2 is also relatively large compared to SNR, then significant performance loss could be caused, depending on SNR. When ρ = 1, which means all errored bits are carried on one subcarrier, no multipath diversity is achieved, and the diversity equals BICMB of flat fading MIMO channels [5] , [6] , which is the performance lower bound. Note that the analysis in this section can also be applied to unequal power channel taps, non-constant sampling time, and other practical situations, which cause different subcarrier correlation.
V. SUBCARRIER GROUPING
To overcome the performance loss caused by subcarrier correlation, the subcarrier grouping technique [8] is applied. Note that ρ = 0 in (7) when (m−m )L/M is an integer. This means that although correlation exists among subcarriers for L < M, some subcarriers could be uncorrelated if M/L is an integer. In this case, there are G = M/L groups of L uncorrelated subcarriers. As a result, the subcarrier grouping technique is applied to transmit multiple streams of bit codewords through these G different groups of uncorrelated subcarriers, instead of transmitting one stream of the bit codeword through all the correlated subcarriers. As a result, the negative effect of subcarrier correlation is completely avoided, and the maximum achievable diversity is thereby achieved. For example, consider the case of L = 2 and M = 64. Then, the gth and the (g + 32)th subcarriers are uncorrelated for g = 1, . . . , 32. The subcarrier grouping technique can transmit 32 streams of bit codewords simultaneously through the 32 groups of two uncorrelated subcarriers without performance degradation.
Compared to no subcarrier grouping, BICMB-OFDM with subcarrier grouping achieves better performance with the same transmission rate and decoding complexity. Note that the diversity analysis for L = M in Section III can be applied to BICMB-OFDM with subcarrier grouping. Therefore, the full diversity condition R c SL ≤ 1 holds for BICMB-OFDM with subcarrier grouping. Also note that BICMB-OFDM with subcarrier grouping can be considered as Orthogonal FrequencyDivision Multiple Access (OFDMA) [7] version of BICMB-OFDM. OFDMA is a multi-user version of the OFDM and it has been used in the mobility mode of WiMAX as well as the downlink of LTE. In other words, with subcarrier grouping, BICMB-OFDM can offer multi-user compatibility.
Note that (7) is derived under the assumption of equal power channel taps. When they have different power, there are no uncorrelated subcarriers in general. However, some of them could have weak correlation. Therefore, the subcarrier grouping can still be applied to combat the diversity degradation, although it now can no longer fully recover the performance because of subcarrier correlation.
VI. SIMULATION RESULTS
To verify the diversity analysis, 2 × 2 M = 64 BICMB-OFDM with L = 2 and L = 4 using 4-QAM are considered for simulations. The number of employed subchannels for each subcarrier is assumed to be the same. The generator polynomials in octal for the convolutional codes with R c = 1/4 and R c = 1/2 are (5, 7, 7, 7), and (5, 7) respectively, and the codes with R c = 2/3 and R c = 4/5 are punctured from the R c = 1/2 code [14] . Each OFDM symbol has 4μs duration, of which 0.8μs is CP and L cp = 16. Equal and exponential power channel taps are considered. For the exponential channel model [15] , the ratios of non-negligible path power to the first path power are −7dB, the mean excess delays are 30ns for L = 2 and 65ns for L = 4, respectively. The bit interleaver employs simple rotation. Note that although simulation results of both L = 2 and L = 4 verify our diversity analysis, only results for L = 2 are shown in this section because the diversity values could be investigated more explicitly through figures, and the results for L = 4 can be found in [16] . Fig. 2 shows the Bit Error Rate (BER) performance of BICMB-OFDM employing subcarrier grouping with different S and R c . The A matrices that dominate the performance are provided in the figure. The diversity results of all curves equals the maximum achievable diversity orders derived from Section III, which is directly decided by the A matrices. Specifically, in the cases of S = 1, R c = 1/4 and R c = 2/3 codes achieve diversity values of 8 and 4, respectively. For S = 2, the codes with R c = 1/4, R c = 1/2, R c = 2/3, and R c = 4/5 offer diversity of 8, 5, 2, and 1, respectively. Note that full diversity of 8 is achieved with the condition R c SL ≤ 1. The results are consistent with the analysis provided in Section IV, and they show the negative effect of subcarrier correlation on performance. Fig. 4 shows the BER performance of S = 1 R c = 1/2 BICMB-OFDM with and without subcarrier grouping over equal and exponential power channel taps. In the figure, w/ and w/o denote with and without respectively, while SG denotes subcarrier grouping. The results show that the subcarrier grouping technique can combat the performance loss caused by subcarrier correlation for both equal and exponential power channel taps. As discussed in Section V, the maximum achievable diversity of 8 is provided by employing subcarrier grouping for equal power channel taps since there is no subcarrier correlation. As for the case of exponential power channel taps, because subcarrier correlation still exists, subcarrier grouping cannot fully recover the performance loss. Fig. 5 shows the correlation ρ of two subcarriers with different separation for equal and exponential power channel taps. The figure shows that channel with exponential power taps cause stronger subcarrier correlation than equal power taps, which results in worse performance as shown in Fig. 4 .
VII. CONCLUSIONS
In this paper, the diversity analysis of BICMB-OFDM is carried out. As a result, the maximum achievable diversity is derived and a sufficient and necessary condition R c SL ≤ 1 for achieving full diversity is proved. In addition, the negative effect of subcarrier correlation on the performance in the practical case is investigated, and subcarrier grouping is employed to overcome the performance degradation and provide multi-user compatibility. Therefore, BICMB-OFDM can be an important technique for broadband wireless communication.
APPENDIX PROOF OF THE SMALLEST DEGREE OF f 2 (Φ p ,Φp)
The polynomial f 2 (Φ p ,Φp) in (15) corresponds to (13) . Since u t e −u du = t!, the smallest degree of f 2 (Φ p ,Φp) is related to the polynomial f 1 (Φ,Φ), which is given by (14) and can be rewritten as
whereĨ N (t) = ∞ j=0 t j j!(j+N +1)! . Note that only the multivariate term of f 1 (Φ,Φ) related to the smallest degree of f 2 (Φ p ,Φp) needs to be considered. Note that the dominant term of f 1 (Φ,Φ) is the one with the smallest degree and the largest eigenvalues, depending on the dominant term of 
Therefore, the degree off 1 (Φ,Φ) is 
Meanwhile, the eigenvalues φ qu with q u > p 1 and φq u with q u >p 1 result in increased degree because 
